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We address in this article a problem that is of significance to the chemical industry,
namely, the optimal design of a multi-echelon supply chain and the associated inven-
tory systems in the presence of uncertain customer demands. By using the guaranteed
service approach to model the multi-echelon stochastic inventory system, we develop
an optimization model to simultaneously determine the transportation, inventory, and
network structure of a multi-echelon supply chain. The model is an MINLP with a non-
convex objective function including bilinear, trilinear, and square root terms. By
exploiting the properties of the basic model, we reformulate this problem as a separa-
ble concave minimization program. A spatial decomposition algorithm based on the
integration of Lagrangean relaxation and piecewise linear approximation is proposed
to obtain near global optimal solutions with reasonable computational expense. Exam-
ples for specialty chemicals and industrial gas supply chains with up to 15 plants, 100
potential distribution centers, and 200 markets are presented. © 2009 American Institute
of Chemical Engineers AIChE J, 56: 419-440, 2010
Keywords: supply chains, mixed-integer programming, inventory control, Lagrangean

decomposition, industrial gases

Introduction

A recent report released by US Census Bureau shows that
the total value of inventory in United States is around $1.4
trillion (~10% of US GDP),' of which around 24% are con-
tributed by the chemical process industry. Another report by
SmartOps shows that more than 50% of these inventories are
inefficient.? Thus, there is a great economic incentive to
optimize the inventories across process supply chains.* To
accomplish this objective, the main challenge is how to
effectively integrate inventory management with network
design for multi-echelon process supply chains, so that deci-
sions on locations to stock the inventory and the associated
amount of inventories can be determined simultaneously to
minimize costs. The integration is nontrivial for multi-eche-
lon supply chains and their associated inventory systems in
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the presence of uncertain customer demands.’ This problem
has not been addressed before.

Although inventory management is a very important prob-
lem for the process industry, most of the models in the
chemical engineering literature consider inventory manage-
ment and supply chain network design separately. On the
other hand, there are related works on supply chain optimi-
zation that take into account the inventory costs, but con-
sider inventory issues coarsely without detailed inventory
management policy.éf10 In these models, the safety stock
level is given as a parameter and usually treated as a lower
bound of the total inventory level''™'? or it is considered as
an inventory target that would lead to some penalty costs if
violated.?® This approach cannot optimize the safety stock
levels, especially when considering demand uncertainty.
Thus, it can only provide an approximation of the inventory
cost and may lead to suboptimal solutions.

Research on integrated supply chain network design and
stochastic inventory management is relatively new. Most of
the existing literature focuses on ‘“‘single stage” inventory
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structure integrated with supply chain design, but without
extending it to “multi-echelon” inventory systems addressed
in this work. Daskin et al.>' and Shen et al.** present a joint
location-inventory model, which extends the classical unca-
pacitated facility location model to include nonlinear work-
ing inventory and safety stock costs for a two-stage supply
chain network, so that decisions on the installation of distri-
bution centers (DCs) and the detailed inventory replenish-
ment decisions are jointly optimized. To simplify the prob-
lem, inventories in the retailers are neglected and they also
assume that all the DCs have the same constant replenish-
ment lead time, and the demand at each customer has the
same variance-to-mean ratio. With the same assumptions,
Ozsen et al.”® have extended the model to consider capaci-
tated limits in the DCs. Their work is further extended by
Ozsen et al. (submitted for publication) to compare with the
cases in which customers restrict to single sourcing and the
case in which customers allow multi-sourcing. Another
extension is given by Sourirajan et al** in which the
assumption of identical replenishment lead time is relaxed,
whereas the assumption on demand uncertainty is still
enforced. Recently, You and Grossmann® proposed a mixed-
integer nonlinear programming (MINLP) approach to study a
more general model based on the one developed by Daskin
et al.?! and Shen et al.** relaxing the assumption on identical
variance-to-mean ratio for customer demands.

The objective of this work is to develop optimization
models and solution algorithms to address the problem of
joint multi-echelon supply chain network design and inven-
tory management. By using the guaranteed service approach
to model the time delays in the material flows in the multi-
echelon inventory system,”'%*7? we capture the stochastic
nature of the product deliveries at each stage (echelon) of
the supply chain and develop an equivalent deterministic
optimization model. The model determines the supply chain
design decisions (including the locations of DCs, assign-
ments of customer demand zones to DCs, assignments of
DCs to plants), shipment levels from plants to the DCs and
from DCs to customers, and inventory decisions such as
pipeline inventory and safety stock in each node of the sup-
ply chain network. The model also captures risk-pooling
effects®® by consolidating the safety stock inventory of
downstream nodes to the upstream nodes in the multi-eche-
lon supply chain. The model is first formulated as a mixed-
integer nonlinear program (MINLP) with a nonconvex objec-
tive function and then reformulated as a separable concave
minimization program after exploiting the properties of the
basic model. To solve the problem efficiently, a tailored spa-
tial decomposition algorithm based on Lagrangean relaxation
and piece-wise linear approximation is developed to obtain
near global optimal solutions within 1% optimality gap with
modest CPU times. Several computational examples for
industrial gases supply chains and specialty chemical supply
chains are presented to illustrate the application of the model
and the performance of the proposed algorithm.

This article includes several novel features. First, we ex-
plicitly model the multi-echelon inventory system of a pro-
cess supply chain under demand uncertainty and use a holis-
tic approach to simultaneously optimize the supply chain
design decisions and multi-echelon stochastic inventory man-
agement decisions. To the best of our knowledge, the inte-
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gration of multi-echelon stochastic inventory with supply
chain design has not been addressed before, as most of the
literature on joint supply chain design and inventory man-
agement considers only single-echelon inventory system.
Capturing the multi-echelon inventory structure allows us to
consider variable replenishment lead times and inventory
allocation issues, both of which can significantly improve
the decision-making across the process supply chains. Sec-
ond, we develop a novel and efficient global optimization
algorithm to obtain solutions within 1% global optimality
gap for the resulting large scale nonconvex MINLP instances
with thousands of discrete and continuous variables, and
more than one million constraints. The proposed algorithm is
based on effective integration of piece-wise linear approxi-
mation and Lagrangean relaxation that as far as we know
has not been considered before. The entire solution process
requires only a mixed-integer linear programming (MILP)
solver without the need of an NLP solver. The efficient
global optimization algorithm that allows large-scale solution
and does not rely on nonlinear solvers is therefore another
contribution of this work.

The outline of this article is as follows. Some basic con-
cepts of inventory management with risk pooling and the
guaranteed service model for multi-echelon inventory system
are presented in Section Multi-Echelon Inventory. The prob-
lem statement is given in Section 3. In Section Model For-
mulation, we introduce the joint multi-echelon supply chain
design and inventory management model. Two small illustra-
tive examples are given in Section 5. To solve the large
scale problem, an efficient decomposition algorithm based
on Lagrangean relaxation and piecewise linear approxima-
tion is presented in Section Solution Algorithm. Our compu-
tational results and analysis are given in Section 7. We con-
clude this article in the last section.

Multi-Echelon Inventory Model

In this section, we briefly review some inventory manage-
ment models that are related to the problem addressed in
this work. Detailed discussion about single-stage and multi-
echelon inventory management models are given by Zipkin’
and Graves and Willem,”’ respectively.

Single-stage inventory model under base-stock policy

There are many control policies for single-stage inventory
systems, such as base stock policy, (s,S) policy, (r, Q) policy,
etc.’ Among these policies, the periodic review base stock pol-
icy is the most widely used in the practice of inventory con-
trol. The reason is based on two facts. As shown by Feder-
gruen and Zipkin,** the base stock policy is optimal for single-
stage inventory system facing stationary demand. For multi-
echelon inventory systems, the base stock policy, although not
necessarily optimal, has the advantage of being simple to
implement and close to the optimum.> Before introducing the
multi-echelon inventory model, we first review the single-stage
base stock policy, which is the common building block for
most of the multi-echelon inventory models.

Figure 1 shows the inventory profile for a given product
in a stocking facility operated under the periodic review
base stock policy. As can be seen, the inventory level
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Figure 1. Inventory profile under base stock policy.

(a) Deterministic demand case. (b) Under demand uncer-
tainty. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

decreases due to the customer demand and increases when
replenishments arrive. Under the periodic review base stock
policy, inventory is reviewed at the beginning of each
review period and the difference between a specified base
stock level and the actual inventory position (on-hand inven-
tory plus in-process inventory minus backorders) is ordered
for replenishment. It is interesting to note that the well-
known continuous review (r, Q) policy can be treated as a
special case of base stock policy with base stock level equal
to r + Q, where r is the reorder point of inventory level and
Q is the order quantity.

As under the base stock policy, the lengths of the review
period and the replenishment lead time are determined exog-
enously, the only control variable is the base stock level. To
determine the optimal base stock level for a single-stage in-
ventory system, let us denote the review period as p, the
replenishment lead time as /, and the average demand at
each unit of time as u. Recall that the inventory position is
the total material in the system (on-hand plus on-order), and
we start each review period with the same inventory position
S, which is the base stock level. We must wait p units of
time to review the inventory position again and place an
order for replenishment, and then the order will take another
[ units of time to arrive (Figure 1). Therefore, the inventory
in the system at the beginning of a review period should be
large enough to cover the demand over review period p plus
the replenishment lead time /, i.e., the optimal base stock
level should be u(p + [) if demand is deterministic as in Fig-
ure la.

Under demand uncertainty, we need more inventory
(safety stock) to hedge against stockout before we get a
chance to reorder as in Figure 1b. The accepted practice in
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this field is to assume a normal distribution of the demand,
although of course other distribution functions can be speci-
fied. If the demand at each unit of time is normally distrib-
uted with mean p and standard deviation ¢, due to the prop-
erty of normal distribution, the demand over review period p
and the replenishment lead time / is also normally distributed
with mean p(p + ) and variance 6% (p + 1) (standard devia-
tion o+/p + /). It is convenient to measure safety stock in
terms of the number of standard deviations of demand
denoted as safety stock factor, A. Then the optimal base
stock level is given by S = u(p + 1) + loy/p + 1, as shown
in Figure 2.

We should note that if o is the Type I service level (the
probability that the total inventory on hand is more than the
demand) used to measure of service level, the safety stock
factor /1 corresponds to the a-quantile of the standard normal
distribution, i.e., Pr(x < 1) = a.

Risk pooling effect

For single-echelon inventory system with multiple stock-
ing locations, Eppen®' proposed the “risk pooling effect,”
which states that significant safety stock cost can be saved
by grouping in one central location the demand of multiple
stocking locations. In particular, Eppen considers a single
period problem with N retailers and one supplier. Each
retailer / has uncorrelated normally distributed demand with
mean g; and standard deviation ¢;. The review periods and
replenishment lead times for all these retailers are the same
and given as p and /, respectively. All the retailers guarantee
the same Type [ service level with the same safety stock fac-
tor A. Eppen compared two operational modes of the N-
retailer system: decentralized mode and centralized mode. In
the decentralized mode, each retailer orders independently to
minimize its cost. As in this mode, the optimal safety stock
in retailer i corresponding to the safety stock factor 4 is
MNp+ I, the total safety stock in the system is given by
p+1 Zf’zl ;. In the centralized mode, all the retailers are
considered as a whole and a single quantity is ordered for
replenishment, so as to minimize the total expected cost of
the entire system. As in the centralized mode, all the

pulp+1)
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%
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Figure 2. Safety stock level for normally distributed
demand over lead time.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

DOI 10.1002/aic 421



n
; |
: fe f *
"
} T I

Figure 3. Timing relationship
approach.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

in guaranteed service

retailers are grouped and the demand at each retailer follows
a normal distribution N(y;, Ul-z), the total uncertain demand
of the entire system during the order lead time will also fol-
low a normal distribution with mean (p + )>_Y ,u and

standard deviation \/erl\/Ziv:l o?. Therefore, the total

safety stock of the distribution centers in the centralized

mode is given by Avp +1y/>.Y, 62, which is less than
Inp 1 Zf\’: L 0i. Eppen’s simple model illustrates the poten-
tial saving in safety stock costs because of risk pooling. For
example, consider a single-echelon inventory system with
100 retailers. Each retailer has uncorrelated normal distrib-
uted demand with identical mean u and standard deviation
0. Thus, the total safety stock of this system is 100za+/p + [
under decentralized mode, and only 10zg+/p + [ under cen-
tralized mode, i.e., 90% safety stocks in this system can be
saved by risk pooling.

Guaranteed service model for multi-echelon inventory

One of the most significant differences between single-
stage inventory system and multi-echelon inventory system
is the lead time. For single-stage inventory system, lead
time, which may include material handling time and trans-
portation time, is exogenous and generally can be treated as
a parameter. However, for a multi-echelon inventory system,
lead time of a downstream node depends on the upstream
node’s inventory level and demand uncertainty, and thus the
lead time and internal service level are stochastic. Based on
this fact, simply propagating the single-stage inventory
model to multi-echelon system leads to suboptimal solutions
because the optimization of a multi-echelon inventory sys-
tem is usually nontrivial.’

There are two major approaches to model the multi-eche-
lon inventory system, the stochastic service approach and the
guaranteed service atpproach.27 For a detailed comparison of
these two approaches, see Graves and Willems?” and Humair
and Willems.?® In this work, we choose the guaranteed serv-
ice approach to model the multi-echelon inventory system.

Definitions in guaranteed service approach

The main idea of the guaranteed service approach is that
each node j in the multi-echelon inventory system quotes a
guaranteed service time T;, by which this node will satisfy
the demands of material flow from its downstream custom-
ers. That is, the customer demand at time ¢ must be ready to
be shipped by time ¢ + 7. The guaranteed service times for
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internal customers are decision variables to be optimized,
whereas the guaranteed service time for the nodes at the last
echelon (facing external customers) is an exogenous input,
which can be treated as a parameter. Besides the guaranteed
service time, we consider that each node has a given deter-
ministic order processing time, #;, which is independent of
the order size. The order processing time, ¢;, which includes
material handling time, transportation time, and review pe-
riod, represents the time from all the inputs that are ready
until the outputs are available to serve the demand. There-
fore, the replenishment lead time, which represents the time
from when we place an order to when all the goods are
received, can be determined by the guaranteed service time
of the direct predecessor T, ; (the time that predecessor
requires to have the chemicals ready to be shipped) plus the
order processing time 7. As we can see from Figure 3, the
net lead time of node j, NLT;, which is the required time
span to cover demand variation using safety stocks at node j,
is defined as the difference between the replenishment lead
time of this node and its guaranteed service time to its suc-
cessor.'” The reason is that not all the customer demand at
time ¢ for node j should be satisfied immediately, but only
needs to be ready by time ¢ + T, Thus, the safety stock
does not need to cover demand variations over the entire
replenishment lead time, but just the difference between the
replenishment lead time and the guaranteed service time to
the successors, i.e., the net lead time. Therefore, we can cal-
culate net lead time with the following formula:

NLT; = Tj1 + 1 — T;

where node j — 1 is the direct predecessor of node j. Note that
this formula implies that if the service time quoted by node j to
its successor nodes equals the replenishment lead time, T;_; +
t;, i.e., NLT; = 0 as shown in Figure 4a, no safety stock is
required in node j because all products are received from the
predecessors and processed within the guaranteed service time,
i.e., this node is operating in “pull” mode. If the guaranteed
service time T; is 0, i.e., NLT; = T;_; + ¢; as shown in Figure
4b, the node holds the most safety stock because all the orders,
once they are placed, are fulfilled immediately, i.e., this node
is operating in “push” mode.

gy S I

b)

Figure 4. Extreme net lead times.
(a) Zero, no safety stock. (b) Largest, highest safety stock.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Optimal based stock level and inventory cost of
guaranteed service approach

In the guaranteed service approach, each node in the
multi-echelon inventory system is assumed to operate under
a periodic review base stock policy with a common review
period. Furthermore, demand over any time interval is also
assumed to be normally distributed (mean p; and standard
deviation ¢; for node j) and ‘“bounded.” This does not
imply that demand can never exceed the bound, but this
bound reflects the maximum amount of demand that a
company wants to satisfy from safety stock. This interpreta-
tion is consistent with most practical applications that
safety stocks are used to cope with regular demand varia-
tions that do not exceed a maximum reasonable bound.
Larger demand variations are handled with extraordinary
measures, such as spot-market purchases, rescheduling or
expediting orders, other than using safety stocks. Thus,
under these assumptions, each node sets its base stock so
as to meet all the orders from its downstream customers
within the guaranteed service time. That is, for node j there
is an associated safety stock factor A, which is given and
corresponds to the maximum amount of demand that com-
pany wants to satisfy from safety stock. This yields the
base stock level at node j:

Sj = ,ujNLTj + ;Lj(fj\/NLTj

This formula is similar but slightly different from the single-stage
inventory model in terms of the expression for the lead time. Note
that the review period has been taken into account as part of the
order processing time and considered in the net lead time.

With the guaranteed service approach, the total inventory
cost consists of safety stock cost and pipeline inventory cost.
The safety stock of node j (SS;) is given by the following
formula as discussed earlier,

SS; = 4joj4/NLT;

The expected pipeline inventory is the sum of expected on
hand and on-order inventories. Based on Little’s law,34 the
expected pipeline inventory PI; of node j equals to the mean
demand over the order processing time and is given by,
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PIj =1 j:uj
which is not affected by the coverage and guaranteed service
time decisions.

Example of a series inventory system

To illustrate the main idea of guaranteed service approach,
let us consider an example of a series inventory system with
one plant, one DC, and one market as in Figure 5. In this
example, the plant has a guaranteed service time of 2 days,
which quantitatively represents the worst case supply uncer-
tainty and production delay. It means that every order from the
DC will be satisfied in at most 2 days, regardless of the uncer-
tainty and delay from supply and production. The guaranteed
service time of the market is zero, which means that every
product in the market should be ready to be used immediately.
Thus, the guaranteed service time of the plant is usually deter-
mined exogenously based on supply uncertainty and produc-
tion delay, whereas the guaranteed service time of market is
also exogenously determined by the market requirement.

In this way, the major decision variable of this system is
the guaranteed service time of the DC. As shown in Figure
6a, the summation of plant’s guaranteed service time and
order processing time from plant to DC leads to the DC’s
worst case replenishment lead time, 5 days, which is the
time span from the DC receives an order until the order is
ready to be shipped out from the DC. Therefore, if the DC
commits a guaranteed service time the same as the worst
case replenishment lead time, 5 days, there is no need to
hold safety stock in the DC because every order from the
market requires at most 5 days to be fulfilled. In this case,
the DC is operated under the “pull” mode and the net lead
time is zero. Another extreme case is that the DC commits a
zero guaranteed service time. In this case, the optimal safety
stock should be able to cover the demand uncertainty over
the worst case replenishment lead time because every order
from the market should be satisfied immediately.

As the guaranteed service time increases from 0 to 5 days
(the worst case replenishment lead time), the net lead time,
which is the difference between worst case replenishment lead
time and guaranteed service time, decreases from 5 days to 0,
and consequently the optimal safety stock level decreases from
the maximum level to zero, as in Figures 6b, c. Therefore, the
guaranteed service time of the DC is an important decision vari-
able that can adjust the optimal safety stock level in the DC.

Besides, the DC’s guaranteed service time also affects the
safety stock level of the market. As shown in Figure 7, the
market’s net lead time equals to the DC’s guaranteed service
time plus the order processing time from DC to customer.
For instance, if the DC’s guaranteed service time is 4 days,
the market should hold sufficient safety stock to hedge the
demand uncertainty over 6 days, which is the worst case
replenishment lead time of the market. Thus, the major
objective is to find out the optimal guaranteed service time,
so as to reduce the total cost based on the adjusting the in-
ventory allocation decisions between the DC and the market.

Problem Statement

We are given a potential supply chain (Figure 8) for a
given chemical product that consists of a set of plants (or
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Figure 6. The relationship between times and safety
stock level of the DC in the motivating
example.

(a) Replenishment lead time, guaranteed service time and
net lead time of the DC in the motivating example. (b) Con-
ceptual relationship between safety stock level and guaran-
teed service time of DC. (c) Conceptual relationship
between safety stock level and net lead time of DC. [Color
figure can be viewed in the online issue, which is available
at www.interscience.wiley.com.]

suppliers) i € I, a number of candidate sites for distribution
centers j € J, and a set of customer demand zones k € K,
whose inventory costs should be taken into account. The
customer demand zone can represent a distributor, a ware-
house, a dealer, a retailer, or a wholesaler, which is usually
a necessary component of the supply chain for specialty
chemicals or advanced materials.>>">> Alternatively, one
might view the customer demand as the aggregation of a
group of customers operated with vendor managed inventory
(vendor takes care of customers’ inventory), which is a com-
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[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

mon business model in the industrial gases industry and
some chemical companies.*®’

In the given potential supply chain, the location of the
plants, potential distribution centers, and customer demand
zones are known and the distances between them are given.
The investment costs for installing DCs are expressed by a
cost function with fixed charges. Each retailer / has an
uncorrelated normally distributed demand with mean y; and
variance al-z in each unit of time. Single sourcing restriction,
which is common in industrial gases supply chains®®*” and
specialty chemicals supply chains,*® is employed for the dis-
tribution from plants to DCs and from DCs to customer
demand zones. That is, each DC is only served by one plant,
and each customer demand zone is only assigned to one DC
to satisfy the demand. Linear transportation costs are
incurred for shipments from plant i to distribution center j
with unit cost ¢1;; and from distribution center j to customer
demand zone k with unit cost ¢2j. The corresponding deter-
ministic order processing times of DCs and customer
demand zone, which includes the material handling time,
transportation time, and inventory review period, are given
by t1;; and 72;. The service time of each plant and the

Distribution centers

Plants/Suppliers Customer demand zones

Figure 8. Supply chain network structure (three eche-
lons).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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maximum service time of each customer demand zones
are known. We are also given the safety stock factor
for DCs and customer demand zones, Al; and 42, which
correspond to the standard normal deviate of the maximum
amount of demand that the node will satisfy from its
safety stock. A common review period is used for the con-
trol of inventory in each node. Inventory costs are
incurred at distribution centers and customers, and consist of
pipeline inventory and safety stock, of which the unit costs
are given.

The problem is then to determine how many distribution
centers (DCs) to install, where to locate them, which plants
to serve each DC, and which DCs to serve each customer
demand zone, how long should each DC quote its service
time, and what level of safety stock to maintain at each DC
and customer demand zone so as to minimize the total in-
stallation, transportation, and inventory costs.

We should note that the guaranteed service time is only a
variable for the DCs, and hence the net lead times are varia-
bles for the DCs and customer demand zones. Therefore, the
problem corresponds effectively to a three-echelon supply
chain with inventories under uncertainty.

Model Formulation

The joint multi-echelon supply chain design and inventory
management model for a given chemical product can be for-
mulated as a mixed-integer nonlinear program (MINLP).
The definition of sets, parameters, and variables of the model
are given latter.

Sets/Indices

I = set of plants (suppliers) indexed by i

J = set of candidate DC locations indexed by j

K = set of customer demand zones (wholesaler, regional
distributor, dealer, retailer, or customers with vendor man-
aged inventory) indexed by k

Parameters

¢l;; = unit transportation cost from plant i to DC j

¢2j = unit transportation cost from DC j to customer
demand zone k

f; = fixed cost for installing a DC at candidate location j
(annually)

g; = variable cost coefficient for installing candidate DC j
(annually)

h1; = unit inventory holding cost at DC j (annually)

h2; = unit inventory holding cost at customer demand
zone k (annually)

R, = maximum guaranteed service time to customers at
customer demand zone k

SI; = guaranteed service time of plant i

t1;; = order processing time of DC j if it is served by
plant 7, including material handling time of DC j, transporta-
tion time from plant i to DC j, and inventory review period

t2; = order processing time of customer demand zone &
if it is served by DC j, including material handling time of
DC j, transportation time from DC j to customer demand
zone k, and inventory review period

1 = mean demand at customer demand zone k (daily)
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o7 = variance of demand at customer demand zone k
(daily)

y = days per year (to convert daily demand and variance
values to annual costs)

01;; = unit cost of pipeline inventory from plant i to DC j
(annual)

02j; = unit cost of pipeline inventory from DC j to cus-
tomer demand zone k (annual)

21; = safety stock factor of DC j

A2, = safety stock factor of customer demand zone k

Binary variables (0-1)

X; = 1if DC j is served by plant i and O otherwise

Y; = 1 if we install a DC in candidate site j and O other-
wise

Zj. = 1 if customer demand zone & is served by DC j and
0 otherwise

Continuous variables (0 to + )

L; = net lead time of customer demand zone k

N; = net lead time of DC j

§; = guaranteed service time of DC j to its successive cus-
tomer demand zones

Auxiliary variables (0 to +»)

XZ;j. = the product of X;; and Zj

SZj. = the product of S; and Z

SZ1;. = auxiliary variable for linearization

NZj. = the product of N; and Zj.

NZ1 ;. = auxiliary variable for linearization

NZV; = auxiliary variable for reformulation

ul;, = auxiliary variable for piecewise linear approxima-
tion

u2; ,, = auxiliary variable for piecewise linear approxima-
tion

u3;;,, = auxiliary variable for piecewise linear approxi-
mation

W; = objective function value of problem (APL))

W; = objective function value of problem (APLR;)

W; = objective function value of problem (APLP;)

Aucxiliary variables (0-1)

vl;, = auxiliary variable for piecewise linear approxima-
tion

v2; p, = auxiliary variable for piecewise linear approxima-
tion

v..°>_,«,k,,73 = auxiliary variable for piecewise linear approxi-
mation

Objective Function

The objective of this model is to minimize the total supply
chain design cost including the following items:

o Installation costs of DCs.

e Transportation costs from plants to DCs and from DCs
to customer demand zones.

e Pipeline inventory costs in DCs and customer demand
zones.

e Safety stock costs in DCs and customer demand zones.
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The cost of installing a DC in candidate location j is
expressed by a fixed-charge cost model that captures the
economies of scale in the investment. The annual expected
demand of DC j is (O sex xZjxtt), which equals to the an-
nual mean demand of all the customer demand zones k € K
served by DC j. Hence, the cost of installing DC j consists
of fixed cost f; and variable cost (g; > xex %Zjttx), Which is
the product of variable cost coefficient and the expected
demand of this DC in 1 year. Thus, the total installation
costs of all the DCs is given by,

S+ [ngijkuk] (1)

jer jel kek

The product of the annual mean demand of DC j O ek 1
Ziiy) and the unit transportation cost (Zie,cl,:,Xl:f) between
plant i and DC j yields the annual plant to DC transportation
cost.

S [Clinij > Xij,uk] )

iel jel kek

Similarly, the product of yearly expected mean demand of
customer demand zone k () and the unit transportation cost
(Zfejcz,-kzjk) between customer demand zone k leads to the
annual DC to customer demand zone transportation cost.

DD 2unZiiy 3)

jel kek

Based on Little’s law,** the pipeline inventory PIL; of DC j
equals to the product of its daily mean demand (3 yexZxit)
and its order processing time (3 ,cf1;X;;) which is given in
terms of days. Thus, the annual total pipeline inventory cost of
all the DCs is given by,

ZZ [Gl_itlinijZij:uk] )

i€l jelJ kek

where 01, is the annual unit pipeline inventory holding cost of
DC .

Similarly, the total annual pipeline inventory cost of all
the customer demand zones is given by,

DO 0220 Zy Q)

jel kek

where 02, is the annual unit pipeline inventory holding cost of
customer demand zone k and ) ex?2yZyy is the pipeline
inventory of customer demand zone k.

The demand at customer demand zone k follows a given
normal distribution with mean 4 and variance o7. Because
of the risk-pooling effect,”’ the demand over the net lead
time (NV;) at DC j is also normally distributed with a mean of
N;> ks and a variance of N;Y yc;,0%, in which J; is the
set of customer demand zones k assigned to DC j. Thus, the
safety stock required in the DC at candidate location j with

a safety stock factor A1; is A1j\/N; - /> ik 03Zy. Consider-
ing the annual inventory holding cost at DC j is hl;, we
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have the total annual safety stock cost at all the DCs
equals to

> i1 N; - S 6tz (©)

jeJ kek

Similarly, the demand over the net lead time L, of customer
demand zones k is normally distributed with a mean of Ly
and a variance of Lkoi. Thus, the annual safety stock cost at all
the customer demand zones is given by,

> a2 o /L o)

kek

Therefore, the objective function of this model (total supply
chain design cost) is given by

min : Z)SYJ + Z [gj Z;{ij,uk]

jet jeJ kek

+ Z Z [Clinij Z XZ_jkMk] + Z Z gt Ljic by
iel jel kek Jel kek

+Y ) [Oljllfjxfj S Ziw | D0 02024 Ziiy
il jel kek el kek

+ Y AN - > 0z + > 2ih2 - onn/Li
Jjes kek kek

®)

where each term accounts for the DC installation cost,
transportation costs of plants-DCs and DCs-customer demand
zones, pipeline inventory costs of DCs and customer demand
zones, and safety stock costs of DCs and customer demand zones.

Constraints

Three types of constraints are used to define the network
structure. The first one is that if DC j is installed, it should
be served by only one plant i. If the DC is not installed, it is
not assigned to any plant. This can be modeled by,

> Xi=Y, Y ©)
iel
The second constraint states that each customer demand zone &
is served by only one DC,

> Zp=1, Vk (10)

jel

The third constraint is that if a customer demand zone k is
served by the DC in candidate location j, the DC must exist,

Zig <Y, Yk (1)

Two constraints are used to define the net lead time of the DCs
and customer demand zones. The replenishment lead time of
DC j should be equal to the guaranteed service time (SI;) of
plant 7, which serves DC j, plus the order processing time (;).
Note that the guaranteed service time (S/;) of plant 7 is treated
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as parameters and represents the worst case supply uncertainty
and production delay of plants. As each DC is served by only
one plant, the replenishment lead time of DC j is calculated by
> iel(SI; + ;) - X;;. Thus, the net lead time of DC j should be
greater than its replenishment lead time minus its guaranteed
service time to its successor customer demand zones, S;, which
is a variable.

N,ZZ(SI,-FZI,/)XU—SJ W (12)

Similarly, the net lefé time L; of a customer demand zone k& is
greater than its replenishment lead time minus its maximum
guaranteed service time, R, which is given by the nonlinear
inequality

L, > Z(Sj+r2jk) -ij — Ry, Vk (13)
jeJ

Note that in this article we consider R, as parameters, although
this formulation can be extended to a bi-criterion optimization
model by treating R, as variables to simultaneously minimize
the total cost and responsiveness.

Finally, all the decision variables for network structure are
binary variables, and the variables for guaranteed service
time and net lead time are non-negative variables.

Xija Yj7Zj/< € {O: 1}a Vla/>k (14)
§;>20,N; >0, Vj (15)
L >0, Vk (16)

MINLP Model

Grouping the parameters, we can rearrange the objective
function and formulate the problem as the following mixed-
integer nonlinear program (PO):

Min : ijY/ + Z Z ZAUkXUij + Z ZB/ijk

jel icl jel kek jel kek (17
+ Z ql; |N; Z 01 Zj + Zqzk\/ Ly
jet kek kek
st N> 8- X;—S;, (12)
i€l
Le > (Sj+21) - Zjg — R, Vk (13)
jel

Constraints (9)—(11), (14)—(16)
where

S,‘j ZS[,‘-FZIU*
Aijk = (Clin + Gljtlij) - Uy

B = (gjx + 2y + 02u12;) -
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C]lj = /11] . hl]
q2k = /12/( . h2k *Of

Reformulated MINLP Model

The MINLP model (PO) has nonconvex terms, including
bilinear and square root terms, in its objective function (17)
and constraint (13). Because the bilinear terms are the prod-
ucts of two binary variables (such as X;; - Zy) or the prod-
ucts of a binary variable and a continuous variable (such as
N;j - Zy and S; - Z;), they can be linearized by introducing
additional variables.

To linearize the term (X;; - Z;) in the objective function
(17), we first introduce a new continuous non-negative vari-
able XZ;;. Then the product of X;; and Zj can be replaced
by this term XZ;; with the following constraints,*

XZj < Xy, Vi j,k (19)
XZij < Zi, Vi, jk (20)
XZj > X+ 2y — 1, Vijk 21)
XZj >0, Vijk (22)

where constraints (19), (20), and (22) ensure that if X;; or Zj is
zero, XZ;; should be zero, whereas constraint (21) ensures that
if X;; and Zj; are both equal to one, XZ;j; should be one.

The linearization of (S; - Z;) in constraint (13) requires
two new continuous non-negative variable SZ; and SZ1j,
and the following constraints,39

SZy +SZ1y =S, Vjk (23)

SZjx < Zix - S},

Vi, k 24
SZ1j < (1—Zy) - 87,

SZy >0, SZ1x >0, Vj,k

Vj, k 25)
26.1)

where constraints (24), (25), and (26.1) ensure that if Zj is
zero, SZj. should be zero; if Zj is one, SZ1j should be zero.
Combining with constraint (23), we can have SZ;. equivalent
to the product of §; and Zj.

Similarly, the product of N; and Zj in the objective func-
tion (17) can be linearized as follows,

NZj +NZly = N;, Vj,k (27)
NZy < Zy-N{, Vjk (28)
NZ1y < (1—=2Zy) N/, Vjk (29)

NZy >0, NZ1; >0, Vjk (26.2)
where NZj. and NZ1j are two new continuous variables, and
NZj is equivalent to (N; - Zy).

The above linearizations introduce more constraints and
variables, significantly reduce the number of nonlinear terms
in the model (PO) and potentially reduce the computational
effort. To further reduce the nonlinear terms in the objective
function (17), the term (N; - > ek og - Zj) is replaced by a
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Figure 9. Secant of a univariate square root term.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

new nonnegative continuous variable NZV; with the follow-
ing constraint,

NZV; = ot -NZy, Vj (30)
kek
NZV; >0, Y 31)

Therefore, incorporating the above linearizations, we have the
following reformulated MINLP model (P1).

Min: S Y+ 33 S ApXZp + > Bazi

jel icl jeJ kek jel kek a7
+) gl /NZV; + ) g2 /Ly
jel kek
st L > SZi+ > 2 Zy — R, Vk (32)
jel jel

Constraints (9)—(11), (14)—(16), and (18)—(31)

Compared with model (PO), model (P1) is computationally
more tractable because all the constraints in (P1) are linear
and the only nonlinear terms are univariate concave terms in
the objective function.

Initialization Process

The bounds of variables are quite important for nonlinear
optimization problems. Tight upper bounds of the key con-
tinuous variables are given in the Appendix section. Besides
variable bounds, a good initial solution is another key issue
for numerical optimization of MINLP problems, as it pro-
vides a tight upper bound of the objective and consequently
reduces the search space and computational time. As model
(P1) has some special structure (linear constraints, univariate
concave terms in the objective function), we can use a simi-
lar approach as in You and Grossmann® to obtain a good”
initial solution by solving a (MILP) approximation for initi-
alization purposes.

As introduced by Falk and Soland®® for a univariate
square root term /x, in which the variable x has lower
bound 0 and upper bound xV, its secant x/ VU represents
the convex envelope and provides a valid lower bound of
the square root term as shown in Figure 9. As model (P1) is
a minimization problem and all the constraints are linear,
replacing all the univariate square root terms with their
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secants in the objective function (17) will lead to the MILP
problem (P2) with a linear objective function,

Min: > FY+ Y Y N AuXZi + > > BuZi

jel icl jeJ kekK jeJ kek

1;,-NZV; 2 - L (34)
+ Zq j J + Zq kL
& (JNzvy ek /LY

s.t. all the constraints of (P1)

As (P1) and (P2) have the same constraints, a feasible so-
lution of (P2) is also a feasible solution of (P1). Further-
more, the optimal objective function value of (P2) is a valid
lower bound of the optimal objective function value of (P1).
Therefore, by solving the initialization MILP problem (P2),
we can obtain a ‘““good” initial solution for problem (P1)
and a tight upper bound of the objective.

Note that based on this initialization procedure, a heuristic
algorithm is to first solve problem (P2), then using its opti-
mal solution as an initial point to solve problem (P1) with
an MINLP solver that relies on convexity assumption (e.g.,
DICOPT, SBB). This algorithm can obtain “good” solutions
quickly, although global optimality cannot be guaranteed
(actually it provides a valid upper bound of the global opti-
mal solution).

lllustrative Examples

To illustrate the application of the MINLP model (P1), we
consider two small illustrative examples, an industrial liquid
oxygen (LOX) supply chain example and an acetic acid sup-
ply chain example.

Example A: Industrial LOX supply chain

The first example is for an industrial LOX supply chain
with two plants, three potential DCs, and six customers as
given in Figure 10. In this supply chain, customer invento-
ries are managed by the vendor, i.e., vendor-management-

Plants Distribution centers Customers

Figure 10. LOX supply chain network superstructure
for Example A.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 1. Parameters for Demand Uncertainty
for Example A

Table 3. Order Processing Time (£2;,) Between DCs and
Customers (Days)

Standard Deviation
a; (liters/day)

Mean Demand ;
(liters/day)

Customer 1 257 150
Customer 2 86 25
Customer 3 194 120
Customer 4 75 45
Customer 5 292 64
Customer 6 95 30

inventory (VMI), which is a common business model in the
gas industry.35*37 Thus, in this example inventory costs from
DCs and customers should be taken into account in the total
supply chain cost, and the joint multi-echelon supply chain
design and inventory management model can be used to
minimize total network design, transportation, and inventory
costs.

In this instance, the annual fixed costs to install the three
DCs (f;) are $10,000 per year, $8,000 per year, and $12,000
per year, respectively. The variable cost coefficient of instal-
ling a DC (g;) at all the candidate locations is $0.01 per li-
ter/year. The safety stock factors for DCs (41;) and custom-
ers (12;) are the same and equal to 1.96, which corresponds
to 97.5% service level if the demand is normally distributed.
We consider 365 days in a year (y). The guaranteed service
times of the two plants (S/;) are 2 days and 3 days, respec-
tively. As the last echelon represents the customers, the
guaranteed service time of customers (R;) are set to 0. The
data for demand uncertainty, order processing times, and
transportation costs are given in Tables 1-5.

We consider two instances of this example. In the first
instance, we consider zero holding cost for both pipeline in-
ventory and safety stocks, i.e., the problem reduces to a sup-
ply chain network design problem without considering in-
ventory cost. In the second instance, the pipeline inventory
holding cost of LOX is $6 per liter/year for all the DCs
(01;) and customers (62;), and the safety stock holding cost
is $8 per liter/year for all the DCs (1;) and customers (/£2y).

Both the initialization MILP model (P2) and the MINLP
model (P1) involve 27 binary variables, 124 continuous vari-
ables, and 256 constraints. As the problem sizes are rela-
tively small, we solve model (P1) directly to obtain the
global optimum with 0% optimality margin by using the
BARON solver*' with GAMS,* and the initialization MILP
model (P2) is solved with GAMS/CPLEX. The resulting
optimal supply chain networks with a minimum annual cost
of $108,329/year and the flow rate of each transportation
link are given in Figure 1la. We can see that for the
instance without considering inventory costs, all the three
DCs are installed, and each of them serves two customers.
The major trade-off is between DC installation costs and the
transportation costs. For the instance taking into account the

Table 2. Order Processing Time (71;) Between Plants and
DCs (Days) for Example A

Cust. 1 Cust. 2 Cust. 3 Cust.4 Cust.5 Cust. 6
DC1 2 2 3 3 4 4
DC2 4 4 1 1 4 4
DC3 4 4 3 3 2 2

inventory costs, only two DCs are installed, and each serves
three customers as seen in Figure 11b. The major trade-off
is between DC installation costs, transportation costs, and in-
ventory costs. The minimum annual cost in this instance is
$152,107/year with the variable cost items given in Figure
12. A comparison between these two instances suggests the
importance of integrating inventory costs in the supply chain
network design.

The optimal net lead times and guaranteed service times
of DCs and customers for the design in Figure 11b are given
in Figure 13. We can see in Figure 13a that in the path of
material flow from Plant 2 to DC 1 and to Customers 1, 2,
and 3, DC 1 has an optimal service time equal to the plant’s
service time plus the deterministic order processing time
from Plant 2 to DC 1, i.e., 5 days. Note that this service
time corresponds to the worst case response time from plant
to DC, although the most optimistic case is that Plant 2 will
fulfill the demand immediately and the minimum response
time will be the deterministic order processing time, i.e., 2
days. We can observe similar phenomena in the path of ma-
terial flow from Plant 1 to DC 3 and to Customers 4, 5, and
6 from Figure 13b. As both DC 1 and DC 3 have the opti-
mal service times equal to the summation of plant’s service
time and the order processing time between plants and DCs,
both of them have zero net lead time, i.e., do not hold any
safety stock and work as pure “pull” systems. In Figures
14a, b, we can see that all the customers in the optimal solu-
tion have positive net lead times and hold sufficient safety
stocks to ensure their guaranteed service times are zero, i.e.,
work as pure “push” system. This interesting phenomena
shows that safety stock allocation of the multi-echelon LOX
supply chain leads to a hybrid “push — pull” systems, in
which each node either does not hold inventory or holds
maximum required inventory, and the “pull” and “push”
boundary is between the DCs and the customers. What we
observed in this example is consistent and similar to the one
discovered by Simpson30 for multistage “series” inventory
system. It is also interesting to note that all the optimal guar-
anteed service times and net lead times happen to be integer,
although we do not restrict them to be integer values.

Example B: Acetic acid supply chain

The second example is for an acetic acid supply chain
with three plants, three potential DCs, and four customer

Table 4. Unit Transportation Cost (Cl;) from
Plants to DCs ($/liter)

DClI DC2 DC3 DC1 DC2 DC3
Plant 1 7 4 2 Plant 1 0.24 0.20 0.20
Plant 2 2 4 7 Plant 2 0.18 0.19 0.23
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Table 5. Unit Transportation Cost (c2j) from DCs to
Customers ($/liter)

Cust. 1 Cust. 2 Cust. 3 Cust.4 Cust.5 Cust. 6

DCl1 0.01 0.03 0.10 0.44 1.60 2.30
DC2 1.50 0.25 0.01 0.02 0.25 1.50
DC3 227 1.73 0.51 0.10 0.01 0.03

demand zones, each of which has a wholesaler (Figure 15).
On the basis of the conclusion of the previous example, we
need to take into account the inventory costs from DCs and
wholesalers when designing the optimal supply chain.

In this instance, the annual fixed DC installation cost (f})
is $50,000 per year for all the DCs. The variable cost coeffi-
cient of installing a DC (g;) at all the candidate locations is
$0.5 per ton/year. The safety stock factors for DCs (41;) and
wholesalers (42;) are the same and equal to 1.96. We con-
sider 365 days in a year (). The guaranteed service times of
the three plants (S7;) are 3, 3, and 4 days, respectively. The
pipeline inventory holding cost is $1 per ton/day for all the
DCs (01,/y) and wholesalers (02;/y), and the safety stock

L/day

194 L/day

f@< =
a8 L. d'.l_\ w
292 L/day e
KW
95 L/day @

Customers

Distribution centers

(a)

%

Customers

Distribution centers

Plants

(b)

Figure 11. Optimal network structure for the LOX sup-
ply chain in Example A.

(a) Without considering inventory costs, total cost
$108,329. (b) Considering inventory costs, total cost
$152,107. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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5

DC installation  Transportation Pipeline inventory  Safety stocks

Figure 12. Cost items of the LOX supply chain in
Example A.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

holding cost is $1.5 per ton/day for all the DCs (h1,/y) and
wholesalers (42;/y). The guaranteed service time of whole-
salers to end customers (Ry) is set to be 8 days. The data for

Cuarameed service
time of Plani2

Order processing time
from Plam2 1o DCI

1 Order processing time:

from DC o customers
I 3 davs M 2 days 1

|
2 davs >
3 ! 2 days o Customer |
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Figure 13. Optimal timing relationship of the LOX sup-
ply chain for the design in Figure 8b.
(a) Plant 2: DC 1 — Customers 1, 2, and 3. (b) Plant 1:
DC 3 — Customers 4, 5, and 6. [Color figure can be

viewed in the online issue, which is available at www.
interscience.wiley.com.]
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Figure 14. Optimal net lead times and safety stock lev-
els of the LOX supply chain for the design in
Figure 8b.

(a) Net lead times and guaranteed service times of DCs
and customers. (b) Optimal safety stock levels of DCs and
customers. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

demand uncertainty, order processing times, and transporta-
tion costs are given in Tables 6-10.

The computational study is carried out on an IBM T40
laptop with Intel 1.50GHz CPU and 512 MB RAM. The
original model (PO) has 12 discrete variables, 22 continuous
variables, and 27 constraints. Both the initialization MILP
model (P2) and the MINLP model (P1) involve 24 binary
variables, 185 continuous variables, and 210 constraints. We

Wholesalers

Dastribution centers

Plants

Figure 15. Acetic acid supply chain network super-
structure for Example B.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Table 6. Parameters for Demand Uncertainty for Example B

Standard Deviation
o; (ton/day)

Mean Demand
u; (ton/day)

Wholesaler 1 250 150
Wholesaler 2 180 75
Wholesaler 3 150 80
Wholesaler 4 160 45

solve the original model (PO) by using GAMS/BARON with
0% optimality margin, and it takes a total of 1376.9 CPU
seconds. We then solve the reformulated model (P1) with
the aforementioned initialization process, the CPU time
reduces to only 7.6 s and the optimal solutions are the same
as we obtained by solving model (PO). The possible reason
is that initialization process helps BARON to find a “good”
feasible solution during the preprocessing step. This solution
provides a tighter upper bound that reduces the search space
and speeds up the computation.

The resulting optimal supply chain network with a mini-
mum annual cost of $1,986,148 per year and the flow rates
of transportation links are given in Figure 16. We can see
that two DCs are selected to install and one of them serves
three wholesalers whereas the other one only serves one
wholesaler. The major trade-off is between DC installation
costs, transportation costs, and inventory costs. A detailed
breakdown of the total cost is given in Figure 17.

Figure 18 shows the optimal net lead times and guaran-
teed service times of DCs and wholesalers. Because the
maximum guaranteed service time of the wholesalers is set
to be 8 days, whereas the total deterministic time from plant
2 to DC 1 and to Wholesaler 1 is only 7 days, it is reasona-
ble that this path work as pure “pull” system to reduce the
total inventory cost as in Figure 18a. In Figure 18b, we can
see that for the path from Plant 1 to DC 2 and to Whole-
salers 2, 3, and 4, Wholesaler 4 requires a significantly long
order processing time (4 days) compared with others (1 day
only). Therefore, it is understandable that most of the safety
stocks are maintained in Wholesaler 1, although other nodes
in this path also work as pure “pull” system. As seen in
Figure 19, similarly as in the previous example, it can be
observed that most of the nodes in this supply chain hold
zero safety stock and work as pure “pull” system. The in-
ventory allocation in this example also suggests the impor-
tance of incorporating multi-echelon stochastic inventory
system in the supply chain design. Instead of focusing on
the single-stage inventory only, the proposed approach can
lead to an explicit improvement of the decision-making in
supply chain design, and in turn reduce the total costs.

Solution Algorithm

Although small-scale problems can be solved to global
optimality effectively by using a global optimizer, medium

Table 7. Order Processing Time (¢1;) Between Plants and
DCs (Days) for Example B

DC1 DC2 DC3
Plant 1 4 4 2
Plant 2 2 4 3
Plant 3 3 4 4
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Table 8. Order Processing Time (£2;,) Between DCs and
Wholesalers (Days)

Table 10. Unit Transportation Cost (c2;) from DCs to
Wholesalers ($/Ton)

Wholesaler I ~ Wholesaler 2 Wholesaler 3 Wholesaler 4

Wholesaler 1  Wholesaler 2 Wholesaler 3 Wholesaler 4

DC1 2 2 3 3
DC2 4 4 1 1
DC3 4 4 3 3

DC1 1.0 33 4.0 7.4
DC2 1.0 0.5 0.1 2.0
DC3 7.7 7.3 5.1 0.1

and large-scale joint multi-echelon supply chain design and
inventory management problems are often computationally
intractable with direct solution approaches because of the
combinatorial nature and nonlinear nonconvex terms. In this
section, we present an effective solution algorithm based on
the integration of Lagrangean relaxation and piecewise linear
approximation to obtain solutions within 1% of global opti-
mality gap with reasonable computational expense.

Piecewise Linear Approximation

Instead of using the secants in the objective function of
model (P1), a tighter lower convex envelope of the univari-
ate square root terms is the piecewise linear function that
uses a few additional continuous and discrete variables.
Although this may require longer computational times to
solve the initialization MILP problem, with the significant
progress of MILP solvers piecewise linear approximations
have recently been increasingly used for approximating dif-
ferent types of nonconvex nonlinear functions,***** especially
for univariate concave functions.*>

There are several different approaches to model piecewise
linear function for a concave term.***”*° In this work, we
use the “multiple-choice” formulation*” to approximate the
square root term y/x. Let P = {1,2,3,...,p} denote the set of
intervals in the piecewise linear function ¢(x), and M,
M,,..., M,,, M, ., be the lower and upper bounds of x for
each interval p. The “multiple choice” formulation of

@(x) = y/x is given by,

¢(x) = min Z (Fpvp + Cptp)
P
s.t. va =1
P
Dy =x
p

My, <u, <M, 1v,, pEP
v, €{0,1}, peP

vV My — \Y M,

where C, =————"—— and

My — M,
F,=+\/M,—-C,M,, peP.

Table 9. Unit Transportation Cost (c1;) from Vendors to
DCs ($/Ton)

DCl1 DC2 DC3

Vendor 1 1.8 1.6 2.0

Vendor 2 2.4 2.2 1.3

Vendor 3 2.0 1.3 2.5
432 DOI 10.1002/aic Published on behalf of the AIChE

As can be seen in Figure 20, the more intervals that are used,
the better is the approximation of the nonlinear function, but
more additional variables and constraints are required. Using
this “multiple-choice” formulation to approximate the uni-
variate concave terms ,/NZV; and +/L; in the objective
function of problem (P1) yields the following piecewise linear
MILP problem (P3), which provides a tighter lower bounding
problem for (P1).

(P3):
Min: D fY+3 > > AukZyt+ ) > Bl
jeJ i€l jeJ kekK jeJ kek
+ Z a1; Y (Flipvljp, +Cljpulsy,)
Jjes P1 35)
+ Z 92 Z (sz«]’z vzkd’z + Czk«,ﬁz u2k«,172)
kek P2
st Y vl =1,V (36.1)
p1
> uly, =Nzv;, Vi (36.2)
P1
Ml}?[’lV]le < ulﬁpl < M]j~PI+]V]j~PI7 Vi, p1 (36.3)
vl €{0,1}, ulj, >0, Yjp (36.4)
> V2 =1, VK (37.1)
P2
> u2iy, =L, Vk (37.2)
P2
Mzk.pzvzk.pz < uzk,pz < M2k.p2+lV2k¢p2: Vk>p2 (37.3)
VzkaPZ € {0’ 1}7 uzk,ﬂz Z 07 Vk7p2 (374)

All the constraints of (P1).

250 ton/day C%
-

T 180 ton/day

250 ton/day

150 ton/day
160 ton/day

Distribution centers Wholesalers

Plants

Figure 16. Optimal network structure for the acetic
acid supply chain (Example B).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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5%

B DC installation

B Transportation

DO Pipeline inventory
B Safety stocks

37%

Figure 17. Cost items of the acetic acid supply chain in
Example B.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Note that any feasible solution obtained from problem
(P3) is also a feasible solution of (P1), and for each feasible
solution the objective value of (P3) is always less than or
equal to the objective value of (P1).

In summary, the solution obtained by solving (P3) can
provide a “good” initial solution and tight upper bound of
solving problem (P1). In addition, the optimal objective
value of (P3) provides a valid global lower bound to the
objective value of (P1).

To obtain an initial point “close” enough to the global so-
lution, we can in principle use piecewise linear functions
with sufficient large number of intervals to approximate the
univariate concave terms in (P1). However, it is a nontrivial
task to solve large-scale instances of (P3). To further
improve the computational efficiency, we first exploit some
properties of problem (P1).

Alternative Formulation

Let us first consider an alternative model formulation (AP)
of problem (P1) in which (23)—(25) are excluded and repre-
sent the inequality (13) by the disjunction (39),

Zf,YJ + Z Z ZAiijZijk + Z Z BjZj

jel icl jel keK jel kek 38)
+D_a/NIVi+ 3> q2/Li
= jel kek

S.t.

—\ij .
b — Rk] Y {L,-,{ < 0}’ Yk 39

Ly >0, Vjk (40)

Zix
Li > S +

Constraints (9K11), (14)X15), (18K22), and (27K31)

Note that each disjunction in (39) is written in terms of
the disaggregated variable Lj, which is then substituted in
the last term of the objective function (38). Applying the
convex hull reformulation®®>! to the above disjunctive con-
straint (39) in (AP) leads to:
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Ly > Sly+ty-Zn — Ry - Zi, Vi k (41.1)
Lix < Zp-Ly, Vjk (41.2)

Sj =Sy +S2, Vjk (41.3)

Sl <Z- S}, Vik (41.4)

S2u < (1=2Zp) - S, Vjk (41.5)
Sl >0, S2; >0, Vjk (41.6)

where S1j and $2 are two new auxiliary variables.

The value of the new continuous variable Lj; in (AP) is
defined through two new constraints (39) and (40). It means
that if customer demand zone k is assigned to DC j, i.e., Z;
= 1, then the new variable Lj represents the net lead time
of customer demand zone k, otherwise Lj = 0. Thus, any
feasible solution of problem (AP) is also a feasible solution
of problem (P1), and vice versa, as stated in the following

property:

Property 1. If (X,j, ,U SJ, LZ) is a feaszble solu-
tion of problem (PI) wzth objecnve functton value W*, then
(X,/, S N ij) where L,k =0ifZy =0 and L/k =

Ly lek = ] is afeaszble solution ofproblem (AP) and the
aswuated objectlve function value of (AP) is W If (X,],
/k, S N ij) is a feaszble solution of pioblem (AP) wzth
objecnve functlon value W*, then (X,J, S N Lk)
where Lk =3¢ Jij, is a feasible solutlon ofproblem (P])
and the associated objective function value of (P1) is W
The property can be easily proved and is omitted in this
article. This property shows that we can solve either (P1) or
(AP) to obtain a feasible or optimal solution, and then alge-
braically derive the solution to another problem with the

Guaranieed service Oirdler processing time
time of Plum2 from Pland2 1o {1

| |

Owrder processing tme

= Trom DC1 10 wholesalers
I 3 days d 2 days ; [
) + |
4 -
F —_— ! 2dayy 4 Wholcsaler |
H Service time of LCT =3 days H
: (Met lead time of DCT =
i :
r
Ciuaranteed service time of Wholesaler | = 7 days = 8 days
(Met lead time of wholesaler 1= 0)

{a)

Guaranteed service  Order processing time
time of Plant1 From Plant] w D2 e :
l Order processing time from
DC2 w wholesalers

I" ¢ 4 I-Z\I\-'L

8 -+ - o Wholesaler 2
£ Service tirme T days 1 davs i
(et bead tir i [ L E‘J.hnqu:l.;'r ]
i L Lh i Wholesaler 4
i Gusranteed service time of Wholesaler 384 = 8 days

! (et lead time of wholesaler 384 =0)

oo T = m— —

b Cuarantesd service time of Whelesaler 2 = 8 days

Net bead time of Wholesaler 2 = 3 days
b}

Figure 18. Optimal timing relationship for the acetic
acid supply chain in Example B.

(a) Plant 2: DC 1 — Wholesaler 1. (b) Plant 1: DC 2 —
Wholesalers 2, 3, and 4. [Color figure can be viewed in
the online issue, which is available at www.interscience.
wiley.com.]

DOI 10.1002/aic 433



10 £ — where W is the objective function value. Note that prob-
= /ﬂ: . lem (APL) can be decomposed into I/l subproblems, one for
é ¢ each candidate DC site j € J, where each one is denoted by
‘E' (APL;) and is shown for a specific subproblem for candidate
= : DC site j as follows:

T 6
o .
S Wi=Min: Y+ Y AuXZy
g 4 icl kek (43)
g3 + > (B — ) Zi + qli/NZVi+ > q2\/Lig
£ kek kek
P
0 Y.
DCl DC2 Wholesaler] Wholesaler2 Wholesaler3 Wholesalerd st EZ]X” Yj,
Figure 19. Net lead times and guaranteed service times Z. < Y. Vi
of DCs and wholesalers for the acetic acid k=2
supply chain in Example B. N; > Zg"f X —Sj,
[Color figure can be viewed in the online issue, which is icl

available at www.interscience.wiley.com.]

XZ,:]‘k < X,‘j, Vl,k
XZj < Zj, Vi k
same objective value. Compared with model (P1), model

(AP) has more square root terms in the objective function XZij > Xij+Zy — 1, Vi k

due. to the int?oduction of variable Lj, although the lineari- NZy +NZly =N, Vk
zation constraints (23), (24), and (25) for the product of S;
and Zj. are not included in (AP). NZj < Zj - NJ.U7 Yk

Solving (AP) with the direct solution approach to obtain
the optimal solution of (P1) can be expensive since there are NZ1j < (1 —=Zy) N jUa vk
more nonlinear terms in (AP). However, this model can be 5
decomposed by using a Lagrangean relaxation algorithm. NZV; = Zak - NZj,
Furthermore, due to the equivalence of (P1) and (AP), we kek
can solve (P1) instead of (AP) in the full or reduced variable <z LUk

. . Ljx < Zj - Ly,

space during the solution procedure of the Lagrangean algo-
rithm. In the next section, we describe how to incorporate Ly > Slj + tw - Zyx — R - Z, Yk

model (AP) and the piecewise linear approximation into a

Lagrangean relaxation algorithm. Sj =Sl + 82, Yk

< 7., .U
Lagrangean Relaxation Algorithm Shix < Zy SJ . Yk

To obtain near global optimal solutions to problems (P1) 2 < (1 —Zy) -S;/, Vk
Sly >0, 82 >0, Vk

and (AP) with modest computational effort, we propose a
decomposition algorithm based on Lagrangean relaxation.

The decomposition procedure

In this solution procedure, we use a decomposition scheme
by dualizing the assignment constraints (10) in (AP) using
the Lagrange multipliers 4;. As a result, we obtain the fol-
lowing relaxed problem (APL),

W = Min : Z (ﬁYj + Z ZAI'ijZijk

jel icl kek

+ > (Bix — 2)Zix + q1;\/NZV;

kek

v

+Y a2 @) +y o (42) W, M, M, m

kek kek
Figure 20. Piecewise linear function to approximate

t term.
s.t. Constriants (9), (11), (14)—(16), (18)~(22), (27)=(31), and square root term. o o
[Color figure can be viewed in the online issue, which is

(41) available at www.interscience.wiley.com.]
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Xi,Y; Zy € {0,1}, Vik
§j=0, N; =0,
Ly >0, Vk
XZj >0, Vik
NZV; = 0,

Hence, (APL) can be decomposed into I/l subproblems (APL))
and one for each candidate DC site j € J. Let W, denote the
globally optimal objective function value of problem (APL);).
As a result of the decomposition procedure, the global
minimum of (APL), which corresponds to a lower bound of
the global optimum of problem (AP), can be calculated by:

W=> Wi+ A (44)

jel kek

For each fixed value of the Lagrange multipliers A;, we solve
problem (APL,) for each candidate DC location j. Then, based on
(44), the objective function value of problem (APL) can be
calculated for each fixed value of /. Using a standard subgradient
method®** to update the Lagrange multiplier 2, the algorithm
iterates until a preset optimality tolerance is reached.

Lagrangean relaxation subproblems

At each iteration with fixed values of the Lagrange multi-
pliers /;, the binary variables for installing a DC (Y)) are
optimized separately in each subproblem (APL)) in the afore-
mentioned decomposition procedure. For each subproblem
(APL;), we can observe that the objective function value of
(APL)) is 0 if and only if ¥; = 0 (i.e., we do not install DC
j). In other words, there is a feasible solution that leads to
the objective of subproblem (APL)) equal to 0. Therefore,
the global minimum of subproblem (APL;) should be less
than or equal to zero. Given this observation, it is possible
that for some value of /; (such as 4, = 0, k € K) the optimal
objective function values for all the subproblem (APL)) are
zero (i.e., Y; = 0, j € J, we do not select any DC). However,
the original assignment constraint (8) implies that at least
one DC should be selected to meet the demands, i.e.,

PR/t (45)

jel

Once constraint (10) is relaxed, constraint (45) becomes “‘non-
redundant” and should be taken into account in the
algorithm.(”54 To satisfy constraint (45) in the Lagrangean
relaxation procedure, we make the following modifications to
the aforementioned solution step of problem (APL)).

First, consider the problem (APLR;), which is actually a
special case of (APL;) when Y; = 1. The formulation for a
specific j is given as:

Wj = Min : fj + Z ZAiijZijk

i€l kekK

+ > (Bi — M) Zi + qli/NZVi + > q2\/Lix

keK kekK

(46)

s.t. the same constraints as (APL;) with ¥; = 1.
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where Wj is denoted as the optimal objective function
value of the problem (APLR)).

With a similar scheme as introduced in our previous
work,® we use the following solution procedure to deal with
the implied constraint (45): for each fixed value of /;, we
solve (APLR,) for every candidate DC location j. Then select
the DCs in candidate location j (i.e., let ¥; = 1), for which
W < 0. For all the remaining DCs for Wthh W > 0, we do
not select them and set ¥; = 0. If all the W > 0 Vjeld, we
select only one DC w1th the mlnlmum W, ie, Y =1 for
the ;° such that W* = mlnjg{W} By doing thls at each
iteration of the Lagrangean relaxation (for each value of the
multiplier /;), we ensure that the optimal solution always sat-
isfies Z/e ;Y; > 1. Thus, the globally optimal objective func-
tion of (APL) can be recalculated as:

W= > W+ (57)

jery=1 kek

As (APLR)) includes IKl + 1 univariate concave terms in the
objective function, solving it to global optimality might be
computationally expensive if IKl is large. To improve the
computational efficiency, piecewise linear approximations can
be used. Similarly as in (P3), we use the “multiple-choice”
formulation to approximate the concave terms in (APLR;), and
obtain the following MILP model (APLP;),

W;=Min:f; + Z ZAzijZijk

iel kek
+q1; > (Flip vy, +Cljpulsy,)

+ > (B = 44)Zi

kek
+ Z qzl‘ Z(F3j,k,pg V3j7k,p3 + C3 j.k.p3 u3j,k7p3) (48)
kek p3
D Vlip =1, (36.1)
P1
> uly,, =Nzv;, (36.2)
Pi
M1jpvljp, <uljp < Mljp vl Vp (36.3)
v, €{0,1}, ulj, >0, Vp (36.4)
> VBikp =1, Vk (49.1)
P3
Z ujkpy, = L, Vk (49.2)
p3
M3jﬁk,p3V3j.k,p3 < M3j,k,p3 < M3j.k‘p3+]v3j‘k$p37 \V/k’p:i (49.3)
V3jkp, €{0,1}, u3jip, >0, Vik,p3 (49.4)

All the constraints of (APLR;).

where Wj is the optimal objective function value of problem
(APLP)).

As discussed earlier, W, provides a valid “global” lower
bound of W Thus, the globally optimal objective function
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Figure 21. Algorithmic flowchart for the proposed algo-
rithm based on the integration of Lagran-
gean decomposition and piecewise linear
approximation.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

value of problem (AP) has a globally lower bound W, which
can be calculated by:

W= > Wi+> i (50)

jery,=1 kek

On the basis of this result, instead of solving each (APLR)) to
globally optimality, we can use the optimal solution of
(APLP)) as an initial point to solve (APLR;) with an MINLP
solver that relies on convexity assumptions, such as DICOPT,
SBB, etc., so as to improve the computational efficiency. In
this way, the optimal objective function of (APL)), calculated
by W = Eje,‘yj:l W;+ > yck A is no longer a valid global
lower bound of the optimal objective function value of
problem (AP). However, the lower bound W, obtained from
piecewise linear lower bounding problem (APLP)), still
provides a ‘“globally” lower bound to the optimal objective
function value of problem (AP).

Upper bounding

A feasible solution of problem (AP) naturally provides a
valid upper bound to its global optimal objective function
value. To obtain a feasible solution, a common approach is
to fix the values of the binary variables (Xj;, Y;, and Z;) and
solve (AP) in the reduced variable space with an NLP
solver. However, solving a large-scale NLP problem can be
computationally expensive.

Based on Proposition 1, we can solve problem (P1)
instead of (AP) with fixed values of the binary variables (Xj;,
Y;, and Z;) to reduce the computational effort because (P1)
has fewer nonlinear terms than (AP). To avoid solving the
large scale NLP problem, we first solve the piecewise linear
lower bounding MILP problem (P3) with fixed binary varia-
bles, and then substitute the optimal solution into the objec-
tive function of problem (P1) to calculate the associated
objective function value. As discussed in Section 6.1, the
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optimal solution of (P3) is a feasible solution of (P1). Thus,
the objective function value of (P1) obtained by function
evaluation yields an upper bound of the global minimum of
problem (AP). By using this approach, we avoid using an
NLP solver and improve the computational efficiency and
robustness without sacrificing the solution quality.

The solution algorithm

To summarize, the proposed solution algorithm based on
the integration of Lagrangean relaxation and piece-wise lin-
ear approximation is as follows (also given in Figure 21):

Step 1: (Initialization).

Use an arbitrary guess as the initial vector of Lagrange
multipliers A, or else the dual of constraint (10) of a local
optimum of the NLP relaxation of model (P1). Let the in-
cumbent upper bound be UB = +o00, incumbent lower
bound be LB = —o0, global lower bound be GLB = —oo0,

35000000
¥
30000000 I|
| o Incumbent Lower Bound
25000000 #— (zlobal Lower Bound —
II +— Upper Bound
20000000 t
{
1 5000000 +

10000000 -

SO00000 £

0 t+ t + t +

5 10 15 20 25 30
= S000000
RO
< L OO0
Iterations
(a)
12300000
i A m e
12280000 o 2 o
12260000 s _a
—
o
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1 2240000 T
;o —#-- Incumbent Lower Bound
1 22200040 T s Global Lower Bound u
—+— Upper Bound
12200000 |
J

121 80000 + J + t
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lterations
(b)

Figure 22. Bounds of each iteration of the proposed
algorithm for instance with 3 plants, 50
potential DCs, and 150 customer demand
zones.

(a) Bounds for Iteration 1 to Iteration 33 (the last itera-
tion). (b) Bounds for Iteration 13 to Iteration 33 (the last
iteration). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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Table 11. Problem Sizes for the Medium and Large Scale Instances

Original Formulation (P0)

Decomposed Subproblem

MINLP Reformulation (P1) & (APLP;), MILP, 20 Intervals for

Customer —MINLP MILP Initialization Model (P2) Piecewise Linear Approx.
Plants i DCsj Demand Zones k Dis. Var. Con. Var.  Const. Dis. Var.  Con. Var. Const. Dis. Var.  Con. Var.  Const.
2 20 20 460 60 480 460 2,480 5,300 442 563 1,165
5 30 50 1,680 110 1,660 1,680 13,640 33,190 1,105 2,658 3,355
10 50 100 5,550 200 5,300 5,550 70,250 185,350 2,210 5,813 8,205
20 50 100 6,050 200 5,300 6,050 120,250 335,350 2,220 6,823 11,205
3 50 150 7,700 250 7,900 7,700 52,800 120,450 3,300 4,353 9,155
15 100 200 21,600 400 20,500 21,600 300,400 1,040,700 11,603 42,103 11,245
Dis. Var., discrete variables; Con. Var., continuos variable; Const., constraints; NL-NZ, nonlinear nonzeros.
and iteration number be ¢ = 1. Set the step length parameter Step 3 )
0=2. F1x1ng the design Varlable values as X;; = Xff'),
Step 2 Y, =7, ) and using Z as the initial values of the binary

With fixed Lagrange multipliers A, first solve the piece-
wise linear lower bounding problem of the modified Lagran-
gean relaxation subproblem (APLP;) with an MILP solver.
Then fix the value of the binary variables X;; and Zj, use the
optimal solution as the initial point, and solve the modified
Lagrangean relaxation subproblem (APLR;) with an NLP
solver (not necessary global optimizer) or calculate the
objective function value of (APLR)) directly using the opti-
mal solution of (APLP)).

Denote the optimal objective function value of (APLP)) as

W/(/‘), the optimal objective function value of (APLR;) as

W), and the optimal solutions of (APLR)) as (X", Z{").
If all W) >0,V el let v\ =1, X\ = XU, for j*

with W( - min;e; W('/)]} ) 1
Else, let y/"' =0, X< ) =X for all j with W< 0,

and Y/ = 0, X" —OforalljsuchthatW Y >0,
Calculate W) = zjeﬁyyﬁ W + ZH Ak

Zjely’t W'+ZkEK

If Wm > LB, update lower bound by setting LB = W(’1>
If more than 2 iterations of the subgradient procedure®” are
performed without an increment of LB, then halve the step
length | parameter by setting 0 = g

If W(4") > GLB, update lower bound by setting GLB =
Wh.

Note that the strictly global lower bound is given by GLB
instead of LB, if (APLR;) is not solved with a global opti-
mizer.

W

Vanables Zj, solve the piecewise linear lower bounding
problem (P3) in the reduced space with fixed X;;, ¥;, and A

ij>

usm an MILP solver. Denote the optimal solution as
(Z/(f’ (;’) N(M L,é;’) ). Subst1tute the optimal solution
(X ’ A’ . S ) N Li’) into problem (P1) and

calculate its objectwe functlon Value which is denoted as W*)

If W< UB, update the upper bound by setting
UB = W),

Step 4 )

(C:alculate tlllle subgrad1er}t (Gp 7Elsmg %’B— lB) Z/‘e 123", Vk.

ompute the step size ) ONRCAR

Update the multipliers, "' = 2" + T" - G".

Step 5

If gap = YB=LB < 4o/ (e.g., 107, or ||2" T — J||* < tol
(e.g., 10~ ?) or the maximum number of iterations has been
reached, set UB as the Ptlmal obJectlve function value, and
set (X( ) Y Z (/’ Lk )) as the optimal solu-
tion. ! !

Else, increment ¢ as t + 1, go to Step 2.

We should note that the entire procedure requires only an
MILP solver. An NLP solver can be used to solve problem
(APLR)) in the reduced variable space in Step 2, but it is not
required. The reason is that the solution of the nonlinear
optimization problem (APLR;), which reduces to an NLP
from MINLP after X;; and Zj are fixed, can be substituted
by simple function evaluation as stated in Step 2, although
the solution quality may be sacrificed. Also, the above algo-
rithm is guaranteed to provide rigorous global lower bounds

Table 12. Comparison of the Performance of the Algorithms for Medium and Large Scale Instances

Solve (P2) with CPLEX for at Most

1 h, Then Solve (P1) with
DICOPT or SBB

Solve (PO) Directly with BARON

Proposed Algorithm (Lagrangean Decomposition
+ Piecewise Linear Approximation)

DICOPT SBB
i j k Solution LB Gap Time (s) Solution Time (s) Solution Time (s) Solution Global LB Global Gap Time (s) Iter.
2 20 20 1,889,577 1,159,841 63.2% 360,000 1,820,174 140.3 1,813,541 163.6 1,776,969 1,775,957  0.06% 175.0 11
5 30 50 —* —* —* 360,000 _f 360,000 _f 360,000 4,417,353 4,403,582  0.31% 3,279 24
10 50 100 —* —* —* 360,000 ¥ 360,000 —f 360,000 7,512,609 7,507,354  0.07% 27,719 42
20 50 100 —* —* —* 360,000 . 360,000 T 360,000 5,620,045 5,597,846  0.39% 27,748 53
3 50 150 —* —* —* 360,000 _f 360,000 f 360,000 12,291,296 12,276,483  0.12% 16,112 32
15 100 200 —* —* —* 360,000 _f 360,000 _f 360,000 23,565,443 23,294310 0.01% 35,612 69

i, number of plants; j, number of DCs; k, number of customer demand zones.
*No solution or bounds were returned due to solver failure.
¥No solution was returned after 100 hours.
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by GLB as discussed in Step 2. Thus, the gap for the global
optimum is given by Gg,, = (UB — GLB)/GLB. Because of
the duality gap, this algorithm stops after a finite number of
iterations. As will be shown in the computational results, the

global gaps are quite small.

Computational Results

To illustrate the application of the proposed solution strat-
egies, we present computational experiments for problems
with up to 15 plants, 100 potential DCs and 200 customer
demand zones on an IBM T40 laptop with Intel 1.50 GHz
CPU and 512 MB RAM. The proposed solution procedure is
coded in GAMS 22.8.1. The MILP problems are solved
using CPLEX 11.0.1, the NLP problems in Step 2 of the
Lagrangean solution approach are solved with solver CON-
OPT 3.3, and the global optimizer used in the computational
experiments is BARON 8.1.4.

Input parameters

As we consider large scale problems, most of the input
data are generated randomly. The safety stock factors for
DCs (A1) and customers (42;) are the same and equal to
1.96, which corresponds to 97.5% service level is demand is
normally distributed. We consider 365 days in a year ().
The guaranteed service time of the last echelon customer
demand zones (R;) are set to 0. The annual fixed costs ($/
year) to install the DCs (f)) are generated uniformly on
U[150,000,160,000] and the variable cost coefficient (g; $
per ton/year) are generated uniformly on U[0.01, 0.1]. The
guaranteed service times of the plants (SI;, days) are set as
integers uniformly distributed on U[1,5]. The order process-
ing time (r1;, days) between plants and DCs are generated
as integers uniformly distributed on U[1,7], and the order
processing time (f2;, days) between DCs and customer
demand zones are generated as integers uniformly distributed
on U[1,3]. The unit transportation cost from plants to DCs
(c1;, $/ton) and from DCs to customer demand zones (c2j,
$/ton) are set to

Cl,‘j = Il,:/ X U[OOS,O”, C2jk = t2jk X U[OOS, 01]
The expected demand (y;, ton/day) is generated uniformly
distributed on U[75,150] and its standard deviation (o;, ton/
day) is generated uniformly distributed on U[0,50]. The daily
unit pipeline and safety stock inventory holding costs (01;/y,
021/, h1;/y, and h2,/y) are generated uniformly distributed on
U[0.1, 1].

In this instance, the annual fixed DC installation cost (f;) is
$50,000 per year for all the DCs. The variable cost coefficient
of installing a DC (g)) at all the candidate locations is $0.5 per
ton/year. The safety stock factors for DCs (/1;) and wholesalers
(22;) are the same and equal to 1.96. We consider 365 days in a
year (y). The guaranteed service times of the three vendors (S/;)
are 3, 3, and 4 days, respectively. The pipeline inventory hold-
ing cost is $1 ton/day for all the DCs (01;/x) and wholesalers
(02;/y), and the safety stock holding cost is $1.5 per ton/day
for all the DCs (1;/y) and wholesalers (h2;/y).

The number of intervals Py, P», P3, which are required to
approximate each of the univariate concave terms ./NZV;,
VL, and Lj in (P3) and (APLP)), are all set to 20. All
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the breakpoints of the piecewise linear function are evenly
distributed between the lower and upper bound of the varia-
bles to be approximated.

Performance

The problem sizes for the six instances we considered in
this example are given in Table 11. The numbers in i, j, k
columns stand for the number of plants, potential DCs, and
customer demand zones of each instance. The computational
results of the six instances are given in Table 12. We solve
each instance with three solution approaches. The first
approach is solving the original MINLP problem (PO)
directly with the global optimizer BARON. The second
approach is to first solve the initialization MILP problem
(P2) with at most 1 h computational time, then use the best
solution obtained from (P2) as the initial solution to solve
the MINLP problem (P1) with DICOPT and SBB solvers.
The third approach is the proposed algorithm presented in
Section 6.3.4. In the proposed algorithm, we solve the NLP
relaxation of model (P1) to obtain the initial vector of
Lagrange multipliers in Step 1 and solve the modified
Lagrangean relaxation subproblem (APLR;) with CONOPT
3.3 in Step 2. As we can see, global optimal solutions could
not be obtained for 10 hours by solving these problems
directly with BARON or solving the reformulated problem
(P1) with the initialization scheme. However, optimal solu-
tions within 1% global optimality are obtained for the instan-
ces by using the proposed algorithm.

Furthermore, we can see from Table 12 that only the me-
dium size instance with 2 plants, 20 potential DCs, and 20
customer demand zones, can be solved directly with
BARON to obtain a feasible solution (63% gap). For all the
other instances, BARON fails to return any bounds or feasi-
ble solutions due to the large size of these problems. By solv-
ing the reformulated problem (P1) of the medium scale
instance with convex MINLP solvers DICOPT and SBB after
the initialization scheme, we can see that a better feasible so-
lution can be obtained with smaller global optimality gap and
much shorter computational times (140.3 and 163.6 CPU sec-
onds, respectively). In contrast, the proposed Lagrangean
relaxation and decomposition algorithm can obtain a much
better solution ($1,776,969 vs. $1,889,577 and $1,820,174)
within 0.06% of global optimality in much shorter time
(175.0 CPU seconds). For the other large scale instances,
BARON cannot finish preprocessing after 100 h when solving
the reformulated problem (P1). In contrast the proposed
Lagrangean relaxation algorithm can solve all the instances
within 1% optimality in less than 10 h of computational time
as shown in Table 12. Therefore, we can see the significant
advantage of using the proposed Lagrangean relaxation algo-
rithm for solving medium and large scale instances.

The change of bounds during the Lagrangean relaxation
and decomposition algorithm for a large scale instance with 3
plants, 50 potential DCs, and 150 customer demand zones are
given in Figure 22. We can see that as iterations proceed, the
upper bound, which is the objective function value of a feasi-
ble solution, keeps decreasing, and both the incumbent lower
bound and the global lower bound keep increasing, until the
termination criterion is satisfied. We should note that the
global optimality gap is given by the upper bound and the
global lower bound instead of the incumbent lower bound.
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Conclusion

In this article, we have presented an MINLP model that
determines the optimal network structure, transportation, and
inventory levels of a multi-echelon supply chain with the
presence of customer demand uncertainty. The guaranteed
service approach7710’25730 is used to model the multi-echelon
inventory system. The risk pooling effect is taken into
account in the model by relating the demands in the down-
stream nodes to their upstream nodes. Examples on supply
chains for industrial gases and specialty chemicals are pre-
sented to illustrate the applicability of the proposed model.
To solve the resulting MINLP problem efficiently for large
scale instances, a decomposition algorithm based on Lagran-
gean relaxation and piecewise linear approximation was pro-
posed. Computational experiments on large scale problems
show that the proposed algorithm can obtain global or near-
global optimal solutions (typically within 1% of the global
optimum) in modest computational expense without the need
of a global optimizer.

Future work will address the integration of production
planning and stochastic multi-echelon inventory management
because production activities strongly influence the lead time,
and the guaranteed service times of plants should be variables
depending on the production planning, although in this work
we consider the service time of plants as parameters with
fixed values. Another possible future extension is to integrate
stochastic inventory management, supply chain design, and
production planning to further improve the decision-making
across the process supply chains. This research can be also
extended to address the responsiveness issue®>3 of process
supply chains and will be given in a further article.
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Appendix: Variable Bounds

In this Appendix, we derive the upper bounds of variables
in the models. All the upper bounds of variables are denoted
with the superscript U.

The maximum net lead time (NJU) of DC j is the maximum
value of the sum of service time of plant i and the order
processing time from plant i to DC j. It means that when the
guaranteed service time of DC j is zero and it is served by
plant i that has the maximum (S/; + ¢;;), the net lead time N;
equals to the maximum value,

NI'U = rrl1éa’x{SI, + l‘,‘j} = Tl;lgx{g[j}, v.] (Al)

The maximum value of guaranteed service time of DC j is
equal to the maximum value of its net lead time. It means
that when the net lead time of DC j is zero and it is assigned
to plant i that has the maximum (S/; + t;;), the net lead time
S; equals to the maximum value,

SV =NV = r?gX{Ej} vj (A2)

From constraints (13) and (16), it is easy to see that the
maximum net lead time of customer demand zone k is as
follows,

LY = max O,maX{SJy + Ijk} —Rip, V) (A3)
jel

The upper bounds of the auxiliary variables are easy to
derive,

SZy = 87,8215, =S, Vj.k (A4)

NZj = N/ ,NZ1j = N/ Vi, k (A5)

NzvP = "o -NY, i (A6)
kek
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